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Abstract
We study the canonical Poisson structure on the loop space of the super-double-twisted-
torus and its quantization. As a consequence we obtain a rigorous construction of mirror
symmetry as an intertwiner of the N=2 super-conformal structures on the super-symmetric
sigma-models on the Kodaira-Thurston nilmanifold and a gerby torus of complex dimension
2. As an application we are able to identify global moduli of equivariant generalized complex
structures on these target spaces with moduli of equivariant orthogonal complex structures
on the doubled geometry.
1 Introduction
1.1. The full (including all winding sectors) bosonic sigma-model on the 3-dimensional
Heisenberg nilmanifold was quantized in [1] by combining Hamiltonian quantization, double
field theory (DFT)[2] and a detailed analysis of the loop space of the so-called double twisted
torus [3]. The latter is a T 3-fibration over T 3 which makes the T-duality between the
Heisenberg nilmanifold and a 3-torus T 3 twisted by a 3-form flux a manifest symmetry of
the theory.
In this paper we continue the work of [1] by including fermionic fields to obtain a super-
symmetric quantum theory. Just as dilogarithmic singularities in the OPEs prevent the full
sigma-model with target the 3-dimensional Heisenberg nilmanifold from being encoded by
a vertex algebra, the super-symmetric quantum theory cannot be fully formulated in the
language of vertex super-algebras. These systems have been actively studied in relations
to both vertex operator algebras and dilogarithmic singularities in the last few years, see
[4, 5, 6, 7] and references therein.
To exploit the well-known correspondence between super-symmetric sigma-models and
generalized complex structures on even-dimensional targets [8, 9], we take direct products
of the T-dual targets considered in [1] with a circle. As a result, we consider a T-dual pair
(Y,N) where Y is a 4-torus twisted by a 3-form and N is a 4-dimensional nilmanifold N
with the topology of a S1-fibration over T 3 (or equivalently of a T 2-fibration of a T 2-base).
While it is well-known that N admits both symplectic and complex structures, it admits no
Ka¨hler structure since its first Betti number is odd [10].
One of the goals of this paper is to understand, at the level of the full super-symmetric
quantum theory, how T-duality intertwines generalized complex structures on N and Y . In
particular we are interested in the mirror symmetry obtained by T-duality on the T 2-fibers
of N . In this case, symplectic structures on Y with respect to which the T 2-fibers are
Lagrangian are intertwined with complex structures on Y with respect to which the 3-form
is of type (2, 1) + (1, 2).
Each of these generalized complex structures gives rise to an action of the N = 2 super-
conformal algebra of central charge 12 on the zero-winding sectors of the super-symmetric
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quantum sigma-model with target the underlying manifold. Since T-duality intertwines
winding and momentum operators, a full understanding of mirror symmetry for these sigma-
models requires adding winding sectors to both sides. In the spirit of DFT, we address this
problem by lifting the T-dual super-symmetric sigma-models to an 8-dimensional nilman-
ifold X × T 2 where X is the double twisted torus considered in [1] and T 2 is a 2-Torus.
Geometrically, both the symplectic structure on N and the complex structure on Y can be
realized as complex structures on X × T 2. We show that the corresponding N = 2 super-
conformal structures also admits lifts to X × T 2 which are then intertwined by the manifest
T-duality.
More generally, complex structures on X × T 2 which are orthogonal with respect to
the tautological pairing on (X × T 2) are in correspondence with generalized complex struc-
tures on both N and Y or, equivalently, with N = 2 super-conformal structures on the
corresponding sigma models.
1.2. The paper is organized as follows. In Section 2 we describe a Poisson structure on the
space of super-loops on the double twisted torus and its quantization. In particular, we show
that bosonic and fermionic sectors of the quantum theory do not interact. In Section 3 we add
the auxiliary circle directions and explain the relationship between N = 2 super-conformal
structures on the resulting quantum theory on the one hand and complex structures on the
8-dimensional nilmanifold X × T 2 on the other. In Section 4 we reinterpret these N = 2
super-conformal structures from the point of view of the T-dual pair of 4-dimensional targets
(Y,N). We also describe global moduli of N = 2 super-conformal structures both from the
8-dimensional and 4-dimensional perspectives.
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2 Super-loops on the double twisted torus
2.1. Let X be a Poisson manifold and let Y be an arbitrary smooth manifold. The space
of smooth maps Map(Y,X) can be regarded as an infinite-dimensional Poisson manifold
in the following way. Let {yi} be local coordinates on Y and consider φ = φ(yi) ∈
Map(Y,X). Given local coordinates {xµ} on X, φµ = φµ(yi) = xµ ◦ φ may be regarded
as local coordinates on Map(Y,X). The algebra V generated by φµ(yi) and its derivatives
∂yi1 . . . ∂yikφ
µ(yi) is equipped with the local bracket [11] such that{
ϕµ(y), φν(y′)
}
= {xµ, xν} (y′)δ(y − y′), (2.1.1)
where δ(y − y′) is the functional ∫
Y
dy′δ(y − y′)f(y′) = f(y), and (2.1.1) is extended to all
of V by the Leibniz rule. The space of local functionals on Map(Y,X) is the quotient by
total derivatives A = V/(∑i ∂yiV). The quotient map is denoted by f 7→ ∫Y f which allows
us to write local functionals as
∫
Y
dyf(φ, ∂φ, . . . ). Integrating by parts, the bracket (2.1.1)
descends to a Lie bracket on A . Since the product of local functionals is not in general a
local functional, A is not quite a Poisson algebra. Instead, (2.1.1) endows the space V with
the structure of a Poisson vertex algebra or Coisson algebra [12].
The prototypical example of this situation occurs when X = T ∗Z with its canonical
Poisson structure and Y = S1. In this case, (2.1.1) is equivalent to the standard symplectic
structure on the loop space T ∗LZ = LX.
This construction works with minor sign modifications in the super situation. The main
focus of this paper is the case when Y = S1|1 is a super-circle and thus Map(Y,X) can be
thought of as the super-loop space L sX of X. In this section, we detail the construction
of the resulting Poisson vertex super-algebra structure in the particular case where X is a
certain nilmanifold of real dimension 6.
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2.2. In the notation of 2.1, let σ be a coordinate on Y = S1 = R/Z and let X be of
dimension 1 with local coordinate x. The vector field ∂σ gives rise to a derivation of V
according to the formula
∂ =
δ
δσ
:=
∑
k≥0
φ(k+1)
∂
∂φ(k)
,
where φ(k)(σ) = ∂kσφ(σ). The other case of interest is the super-circle Y = S
1|1 with
even coordinate σ and odd coordinate ζ. In this case, ∂σ admits an odd square root /D
corresponding to the odd vector field ∂ζ + ζ∂σ. In other words, /D is an odd endomorphism
of the Z/2Z-graded algebra V such that /D2 = ∂. The resulting structure on V is referred to
as an NK = 1 SUSY Poisson vertex algebra in [13].
2.3. In the Hamiltonian approach to the sigma-model, one is interested in quantizing the
super-manifold Map(Y,X). This amounts to constructing a Hilbert super-space H and
replacing the coordinates φµ(y) (or more generally the elements of V) with End(H)-valued
distributions whose commutators are dictated by the Poisson brackets (2.1.1). For instance,
let Y = S1 and X = S1 × S1. If σ is a coordinate on Y and (x0, x∗0) are coordinates on X,
the general loop in Map(Y,X) can be expanded using formal Fourier series as
φ(σ) = φ0(σ) = ω0σ +
∑
n∈Z
xne−2pi
√−1nσ, φ∗(σ) = φ1(σ) = ω∗0σ +
∑
n∈Z
x∗ne
−2pi√−1nσ,
where ω0, ω∗0 ∈ Z, xn, x∗n ∈ R, n 6= 0 and x0, x∗0 are well defined modulo Z. If X is endowed
with the symplectic structure such that {x∗0, x0} = 1, (2.1.1) reads
{x∗m, xn} = 1mδm,−n m,n 6= 0,
{
ω∗0 , x
0
}
=
{
x∗0, ω
0
}
= 1 .
In this case, or more generally whenever Y = S1 and pi1(X) is abelian, vertex algebras
provide an adequate algebraic framework for quantization.
2.4. Let Λ ≃ Z3 be a free Z-module of rank 3 with basis {ω∗i }. We denote by εijk the
totally antisymmetric tensor, thought of as an isomorphism det : ∧2Λ ∼−→ Λ∨ := Hom(Λ,Z).
Let
{
ωi
}
be the dual basis of Λ∨. Let R be a super-commutative R-algebra (for simplicity
the reader may take R = R), let V := Λ ⊗Z R and let V ∗ := Λ∨ ⊗Z R be its dual space.
The bases
{
ωi
}
and {ω∗i } define coordinates {x1, x2, x3} on V and {x∗1, x∗2, x∗3} on V ∗,
respectively. In these coordinates, the 3-form det can be written as εijkdx
idxjdxk. Consider
the Lie group G defined as a central extension:
0→ V ∗ → G→ V → 0 ,
with multiplication given by
(v∗, v) · (w∗, w) =
(
v∗ + w∗ +
1
2
det(v, w, ·), v + w
)
,
for all v, w ∈ V and v∗, w∗ ∈ V ∗. Quotienting by the co-compact subgroup Γ ⊂ G generated
by Λ and Λ∨ we obtain a compact 6-dimensional nilmanifold XR = Γ\G. If R = R, we denote
this manifold simply byX. The projection G→ V induces a T 3-fibration pi : X → Λ\V ≃ T 3
which is topologically non-trivial as pi1(X) = Γ is not abelian.
2.5. Let g be the Lie algebra of G. Since g is a 2-step nilpotent Lie algebra, whose only non-
trivial brackets are of the form [v, w] = det(v, w, ·), the exponential map is a diffeomorphism
from g to G. The coordinate expression for det shows that g admits a basis
{
αi, βi
}3
i=1
with
respect to which the only non-vanishing brackets are
[βi, βj ] = εijkα
k. (2.5.1)
3
Moreover, g is endowed with an ad-invariant non-degenerate symmetric bilinear pairing
(· , ·) ∈ Sym2 g∗ and an ad-invariant non-degenerate alternating pairing ω ∈ ∧2g∗ such that
V and V ∗ are isotropic for both pairings and furthermore
(v∗, v) = ω(v∗, v) = v∗(v), v ∈ V, v∗ ∈ V ∗ .
The Cartan form ([·, ·], ·) ∈ ∧3g∗ is ad-invariant and its restriction to ∧3V ∗ coincides with
det. Since left-invariant vector fields on G provide a trivialization of the tangent bundle
of X as TX ≃ X × g, these structures can be interpreted geometrically on X. Namely,
ω corresponds to a 2-form ω ∈ ∧2T ∗X while the Cartan form corresponds to the pullback
pi∗det of the orientation form defined by det (which we denote by the same symbol) on
Λ\V ∼= T 3. These two differential forms on X are related by dω = pi∗det. In particular,
pi∗det is exact even though det is not zero in H3(Λ\V ). In the language of [14], (X,ω) is a
twisted Poisson manifold with background pi∗det.
2.6. The super-manifold T [1]X ≃ X × g[1] is a key ingredient in the construction of the
super-symmetric theories of this paper. The super-commutative algebra of functions on
T [1]X is a free module of rank 6 over C∞(X). The fermionic counterparts
{
ψi, ψ∗i
}3
i=1
of the basis vectors
{
αi, βi
}3
i=1
are odd generators of the C∞(X)-module C∞(X) ⊗ g[1].
Locally, the super-manifold T [1]X has 6 even coordinates xi, x∗i and 6 odd coordinates
ψi, ψ∗i .
T [1]X can also be realized as a global quotient as follows. The Lie algebra g admits a
super-extension gsuper := g ⋉ g[1], where the semidirect product is taken with respect to
the adjoint action and the super-brackets in g[1] vanish. Then T [1]X ≃ Γ\Gsuper, where
Gsuper ≃ G ⋉ g[1] is the Lie super-group integrating gsuper := g⋉ g[1]. In this sense, T [1]X
can be thought of as a “super-nilmanifold”.
2.7. Let g be the Lie algebra of 2.5 with its symmetric invariant pairing (· , ·). Consider the
affine Kac-Moody Lie algebra gˆ = g((t))⊕CK. It is a central extension of the complexifica-
tion of the Lie algebra Map(S1, g) of loops in g. We also have the affine Kac-Moody vertex
operator algebra V (g) is generated by fields
{
αi, βi
}
, i = 1, 2, 3 whose non-vanishing OPEs
are
βi(z) · βj(w) ∼ εijkα
k(w)
z − w , βi(z) · α
j(w) ∼ δ
j
i
(z − w)2 . (2.7.1)
Passing from S1 to the super-circle S1|1, we obtain a Lie super-algebra Map(S1|1, g) of super-
loops into g, its central extension gˆsuper and the vertex super-algebra V (gsuper) [15] generated
by the even fields
{
αi, βi
}3
i=1
and by the odd fields
{
α¯i, β¯i
}3
i=1
whose only non-trivial OPEs
are given by (2.7.1) as well as
βi(z) · β¯j(w) ∼ εijkα¯
k(w)
z −w , β¯i(z) · α¯
j(w) ∼ δ
j
i
z − w . (2.7.2)
In terms of super-fields, V (gsuper) is generated by the odd super-fields
a¯i(z, θ) := α¯i(z) + θαi(z), b¯i(z, θ) := β¯i(z) + θβi(z) (2.7.3)
and the OPEs (2.7.1)-(2.7.2) can be rewritten as
b¯i(z, θ) · b¯j(w, η) ∼ εijka¯
k
z − w − θη , b¯i(z, θ) · a¯
j(w, η) ∼ δ
j
i (θ − η)
(z − w − θη)2 . (2.7.4)
2.8. Given any super-commutative R-algebra R, consider the affine super-space A1|1 =
SpecR[σ, ζ] where σ is even and ζ is odd. Let Z act on A1|1 by (σ, ζ) 7→ (σ + n, (−1)nζ)
and let S1|1 be the quotient Z\A1|1. A general R-point ϕ of the super-loop space L sX :=
Maps(S1|1, X) can be described by choosing a lifting ϕ¯ ∈Map(R1|1, G). This defines a map
ϕ¯∗ ∈ HomR(OG, R[σ, ζ]), where OG is the algebra of functions in G. Notice that a choice of
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splitting G ≃ V ×V ∗ defines an isomorphism OG ∼= Sym•R(V ⊕V ∗). The action of Γ on G by
left-multiplication induces a representation of Γ on OG defined by (γ · f)(g) := f(γ−1 · g) for
all f ∈ OG, γ ∈ Γ and g ∈ G. Similarly, Z acts on R[σ, ζ] by (n ·p)(σ, ζ) := p(σ−n, (−1)nζ).
In terms of the pullback homomorphism ϕ¯∗, the equivariance of ϕ¯ is equivalent to the
existence, for every n ∈ Z of a γ ∈ Γ such that
(n · ϕ¯∗(f)) = ϕ¯∗(γ · f) (2.8.1)
for all f ∈ OG.
2.9. Since it is enough to check (2.8.1) on generators of OG, we may describe the equivariance
condition for ϕ¯ more explicitly as follows. If γ = (ω∗i , ωi) ∈ Γ, then
γ · xi = xi − ωi, γ · x∗i = x∗i − ω∗i − 1
2
εijkω
jxk ,
where we sum over repeated indices. Given a loop ϕ ∈ L sX we write, with a slight abuse of
notation, xi(σ, ζ) (resp x∗i (σ, ζ)) for the function ϕ¯
∗(xi) ∈ R[σ, ζ] (resp. ϕ¯∗(x∗i ) ∈ R[σ, ζ]).
In this way, every super-loop in L sX can be described in terms of its components xi(σ, ζ),
x∗i (σ, ζ) on which we impose the constraints
xi(σ+1,−ζ) = xi(σ, ζ) +ωi, x∗i (σ+1,−ζ) = x∗i (σ, ζ) +ω∗i + 12εijkw
jxk(σ, ζ) , (2.9.1)
for some (ω∗i , ω
i) ∈ Γ and for all i = 1, 2, 3.
2.10. Formally, the general solution of (2.9.1) is of the form
xi(σ, ζ) = ωiσ +
∑
n∈Z
xine
−2piinσ + ζ
∑
n∈ 1
2
+Z
ψine
−2piinσ,
x∗i (σ, ζ) = ω
∗
i σ +
∑
n∈Z
x∗i,ne
−2piinσ + ζ
∑
n∈ 1
2
+Z
ψ∗i,ne
−2piinσ +
σ
2
εijkω
jxk(σ, ζ),
(2.10.1)
where (ω∗i , ω
i) ∈ Γ, xin ∈ V ∗ and x∗i,n ∈ V are even1 while ψin ∈ V ∗ and ψ∗i,n ∈ V are odd2.
Notice that the identity εijkω
iωjxk = 0 is needed in order to check that the expansion
(2.10.1) does indeed satisfy the equivariance constraint (2.9.1).
2.11. The use of complex exponentials in (2.10.1), requires us to complexify our variables
and work with (C∗)1|1 instead of S1|1. Moreover, we are implicitly stepping outside the
algebraic category into the differentiable category. At the cost of introducing logarithms,
one can return to the realm of super formal power series by the super-conformal change of
coordinates z = e2pi
√−1σ, θ = (2pi
√−1)1/2ζepi
√−1σ. In terms of these new coordinates, the
fields (2.10.1) can be expanded as
xi(z, θ) =
log(z)
2pi
√−1ω
i +
∑
n∈Z
xinz
−n +
θ
(2pi
√−1)1/2
∑
n∈ 1
2
+Z
ψinz
−n−1/2
x∗i (z, θ) =
log(z)
2pi
√−1ω
∗
i +
∑
n∈Z
x∗i,nz
−n +
θ
(2pi
√−1)1/2
∑
n∈ 1
2
+Z
ψ∗i,nz
−n−1/2
+
log(z)
4pi
√−1εijkω
jxk(z, θ) .
(2.11.1)
Setting θ = 0, we recover the expansion of loops in X found in ([1], Section 2.2).
1Recall that xi (resp. x∗i ) is viewed as a coordinate of V (resp. V
∗).
2Here we see that we need to work over coordinate rings R with odd parameters.
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2.12. The presence of logarithms in (2.11.1) means that the fields xi(z, θ), x∗i (z, θ) are
multi-valued. One way to obtain single-valued fields is to differentiate and look at currents
instead. The trivialization T ∗X ≃ X×g∗, provided by the the globally defined left-invariant
differential forms
dxi, dx∗i − 12εijkx
jdxk (2.12.1)
on X suggests that the right currents to consider are
/Dxi(z, θ), /Dx∗i (z, θ)− 1
2
εijkx
j(z, θ) /Dxk(z, θ) , (2.12.2)
where /D is the odd derivation that acts on our fields as ∂θ + θ∂z, and extends the vector
field ∂ζ + ζ∂σ of 2.2. A straightforward calculation shows that the currents (2.12.2) can be
expressed in terms of the components (2.11.1) as
/Dxi(z, θ) =
1
(2pi
√−1)1/2
∑
n∈1/2+Z
ψinz
−n−1/2 +
1
2pi
√−1θz
−1ωi − θ
∑
n∈Z
nxinz
−1−n,
/Dx∗i (z, θ)− 1
2
εijkx
j(z, θ) /Dxk(z, θ) =
1
(2pi
√−1)1/2
 ∑
n∈1/2+Z
ψ∗i,nz
−n−1/2 − 1
2
εijk
∑
n∈Z
m∈1/2+Z
xjnψ
k
mz
−1−m−n
+
θ
{
ω∗i
2pi
√−1z
−1 −
∑
n∈Z
x∗i,nz
−1−n +
1
2pi
√−1εijkω
j
∑
n∈Z
xknz
−1−n
+
1
2
εijk
∑
m∈Z
mxjnx
k
mz
−1−m−n − 1
4pi
√−1εijk
∑
m,n∈1/2+Z
ψjmψ
k
nz
−n−m−1
 .
(2.12.3)
Since these expansions contain no logarithms, the super-fields (2.12.2) are well defined.
2.13. We would like to use the explicit expansion of the super-loops on X given in (2.11.1)
to quantize the infinite-dimensional Poisson super-manifold L sX. We impose the canonical
quantization relations in two steps. The super-fields (2.12.3) define super-loops in L sT ∗X ≃
L sTX ≃ L s(X × g) which are invariant under the left action of G i.e. super-loops in
Map(S1|1, g). It is therefore natural to identify the super-fields (2.12.3) with the super-
fields
{
a¯i, b¯i
}3
i=1
that generate V (gsuper) as in (2.7.3). After promoting
{
ωi
2pi
√−1 ,
ω∗i
2pi
√−1
}
to operators
{
W i,W ∗i
}
and rescaling ψjn 7→ (2pi
√−1)1/2ψjn, ψ∗j,n 7→ (2pi
√−1)1/2ψ∗j,n for all
n ∈ Z, we may write
/Dxi(z, θ) = a¯i(z, θ) = α¯i(z) + θαi(z) , (2.13.1)
/Dx∗i (z, θ)− 12εijkx
j(z, θ) /Dxk(z, θ) = b¯i(z, θ) = β¯i(z) + θβi(z) , (2.13.2)
where
α¯i(z) =
∑
n∈1/2+Z
ψinz
−n−1/2, αi(z) = z−1W i −
∑
n∈Z
nxinz
−1−n,
β¯i(z) =
∑
n∈1/2+Z
ψ∗i,nz
−n−1/2 − 1
2
εijk
∑
n∈Z
m∈1/2+Z
xjnψ
k
mz
−1−m−n,
βi(z) =W
∗
i z
−1 −
∑
n∈Z
nx∗i,nz
−1−n + εijkW
j
∑
n∈Z
xknz
−1−n+
1
2
εijk
∑
m,n∈Z
mxjnx
k
mz
−1−m−n − 1
2
εijk
∑
m,n∈1/2+Z
ψjmψ
k
nz
−n−m−1.
(2.13.3)
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Imposing the OPEs (2.7.4), we obtain that in particular [W ∗i ,W
∗
j ] = −εijkW k. This suggests
the identification
W ∗i = ∂xi +
1
2
εijkx
j∂x∗
k
, W i = ∂x∗i , (2.13.4)
and thus
[W ∗i , x
j
0] = [W
j , x∗i,0] = δ
j
i ~,
[W ∗i , x
∗
j,0] = −12εijkx
k
0 .
(2.13.5)
Combining (2.13.5) with the commutators deduced from (2.7.4) we arrive at the full set of
canonical commutators
[ψ∗i,m, ψ
j
n] = n[x
∗
i,m, x
j
n] = δ
j
i δm,−n~,
[W ∗i , x
j
n] = [Wj , x
i
n] = δ
j
i δn,0~,
[W ∗i , ψ
∗
j,n] = −1
2
εijkψ
k
n,
[x∗i,m, ψ
∗
j,n] =
1
2m
εijkψ
k
m+n, m 6= 0,
[W ∗i ,W
∗
j ] = −εijkW k,
[W ∗i , x
∗
j,n] = −1
2
εijkx
k
n,
[x∗i,m, x
∗
j,n] =
1
2
εijk
m+ n
mn
xkm+n +
δm,−n
m2
εijkW
k, m, n 6= 0
[x∗i,n, x
∗
j,0] =
1
2n
εijkx
k
n, n 6= 0.
(2.13.6)
which encodes the Poisson structure on L sX.
2.14 Remark. The denominator m2 in the bracket [x∗i,m, x
∗
j,n] is responsible for the ap-
pearance of dilogarithmic singularities in the OPEs of the corresponding vertex operators
in [1].
2.15. Let L0 be the 13-dimensional Lie algebra spanned by W
i, W ∗i , their conjugate co-
ordinates xi0, x
∗
i,0 and by ~. Let L
b the Z-graded vector space whose degree-0 component
is L0 and whose component of degree n is generated by x
i
n, x
∗
i,n for all n ∈ Z \ {0}. As
proved in ([1], Section 2.2), L b is an infinite-dimensional Lie algebra with respect to the
commutators (2.13.6). This can be extended as follows. Let L f be the ( 1
2
+ Z)-graded
vector space generated by ψin, ψ
∗
i,n, in degree n ∈ 12 + Z and let L = L b ⊕ L f [1]. It is
straightforward to check the following
Lemma. L is a 1
2
Z graded Lie super-algebra whose generators obey the commutators
(2.13.6).
2.16. The Lie algebra L admits a canonical invariant super-symmetric bilinear form defined
by (Ln,Lm) = 0 if n+m 6= 0 and
(W i,W ∗j ) = (ψ
i
n, ψ
∗
j,−n) = (x
i
m, x
∗
j,−m) = δ
i
j , n ∈ 12 + Z, m ∈ Z. (2.16.1)
2.17. Consider the triangular decomposition
L = L− ⊕L0 ⊕L+ ,
where L− and L+ respectively denote the components of negative and positive degree of
L . The group G acts on X and thus on L2(X). The differential of this action defines
a representation of g on C∞(X) which can be extended to L0 by letting: ~ act as the
identity, x∗i,0 and x
i
0 act by multiplication by the local coordinates x
∗
i , x
i of X, W ∗i and Wi
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act according to (2.13.4) We further extend this representation to all of L≥0 by requiring
that L+ · C∞(X) = 0. The induced representation
H := IndLL≥0C
∞(X) (2.17.1)
is compatible with the pairing (2.16.1) and can be completed to a Hilbert super-space which
we also denote by H . Setting L b+ = L+ ∩ L b, we recover the Hilbert space of [1] as the
completion of
H b := IndL
b
L b
≥0
C∞(X) .
2.18. Alternatively, H can be defined in terms of the action of Gsuper on the super-manifold
T [1]X described in 2.6. In fact, the differential of this action defines an action of the
subalgebra L−1/2 ⊕L0 ⊕L1/2 on C∞(T [1]X) with respect to which:
a) ~ acts as the identity;
b) x∗i,0, x
i
0, ψ
∗
i,−1/2, ψ
i
−1/2 act by multiplication by the respective local coordinates x
∗
i ,
xi, ψ∗i ψi;
c) the operators W ∗i , W
i, ψ∗i,1/2, ψ
i
1/2 act by the derivations
W ∗i = ∂xi +
1
2
εijkx
j∂x∗
k
+
1
2
εijkψ
j∂ψ∗
k
, W i = ∂x∗i ,
ψ∗i,1/2 = ∂ψi , ψ
i
1/2 = ∂ψ∗i .
(2.18.1)
This action is extended to all of the subalgebra L≥−1/2 ⊆ L by requiring that L>1/2 acts
by zero. The Hilbert super-space H can then be defined as the completion of the induced
representation
H := IndLL≥−1/2C
∞ (T [1]X) . (2.18.2)
2.19. H has a natural structure of module for the super-vertex algebra V (gsuper) of 2.7.
Indeed the action of g on C∞(X) (or equivalently the action of gsuper on C∞(T [1]X)) induces
a V (gsuper) module H
′ defined as follows. We expand the fields in 2.7 as
βi(z) :=
∑
n∈Z
βi,nz
−1−n, αi(z) :=
∑
n∈Z
αinz
−1−n,
β¯i(z) :=
∑
n∈ 1
2
+Z
β¯i,nz
−1/2−n, α¯i(z) :=
∑
n∈ 1
2
+Z
α¯inz
−1/2−n .
(2.19.1)
The only non-trivial commutators implied by the OPEs (2.7.1)-(2.7.2) are
[βi,m, βj,n] = εijkα
k
m+n, [βi,m, β¯j,n] = εijkα¯
k
m+n
[βi,m, α
j
n] = mδ
j
i δm,−n1, [β¯i,m, α¯
j
n] = δ
j
i δm,−n1 ,
(2.19.2)
where we denoted the identity of V (gsuper) by 1. These are the commutators of a
1
2
+ Z-
graded Lie super-algebra g˜super generated by
a) a central element 1 in degree 0;
b) even vectors βi,n, α
i, n in degree n ∈ Z;
c) odd vectors β¯i,n, α¯
i
n of degree n ∈ 12 + Z .
In particular, the degree-0 part of g˜super is gsuper ⊕ 1. In terms of the expansion (2.19.1),
the identification (2.13.3) between the super-fields (2.12.2) and the generating super-fields
(2.7.3) of V (gsuper) becomes
α¯in = ψ
i
n, α
i
0 =W
i, αin = −nxin (n 6= 0)
β¯i,n = ψ
∗
i,n − 1
2
εijk
∑
m∈Z
xjmψ
k
n−m,
βi,n = δi,0W
∗
i + εijkW
jxkn +
1
2
εijk
∑
m∈Z
mxjn−mx
k
m − 12εijk
∑
m∈ 1
2
+Z
ψjmψ
k
n−m .
(2.19.3)
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2.20. The Lie super-algebra g˜super admits a non-degenerate symmetric invariant form such
that (g˜super,n, g˜super,m) = 0 if m + n 6= 0 and the only non-trivial pairings on the basis
elements are: (
β¯i,n, α¯
j
−n
)
=
(
βi,m, α
j
−m
)
= δji , n ∈
1
2
+ Z, m ∈ Z. (2.20.1)
If the representation of gsuper on C
∞(X) is extended to g˜super,≥0 by requiring that 1 acts
as the identity and that g˜super,>0 acts as zero, the identification (2.19.3) defines a canonical
isomorphism of g˜super-modules
IndLL≥0C
∞(X) ∼= Indg˜super
g˜super,≥0
C∞(X) .
Moreover this isomorphism intertwines the symmetric bilinear forms (2.16.1) and (2.20.1).
2.21. The canonical commutators (2.13.6) exhibit a non-trivial pairing between the even
and odd components of the super-fields (2.11.1). Nevertheless we have the following
Theorem. The super-Hilbert space H factorizes canonically as H b ⊗ H f where H f is
the Hilbert space of the free fermionic system generated by the fields ψ∗i and ψ
i, i = 1, 2, 3
satisfying
ψ∗i (z) · ψj(w) ∼ δ
j
i
z − w .
Moreover, under the state-field correspondence, fields corresponding to vectors in H b⊗ |0〉f
have trivial OPEs with fields corresponding to vectors in |0〉b ⊗H f .
Proof. Under the change of variables
x˜∗i,m := x
∗
i,m +
1
4m
εijk
∑
n∈ 1
2
+Z
ψjnψ
k
m−n, W˜
∗
i =W
∗
i − 1
4
εijk
∑
n∈ 1
2
+Z
ψjnψ
k
−n
the non-trivial commutation relations become
[ψ∗i,m, ψ
j
n] = n[x
∗
i,m, x
j
n] = δ
j
i δm,−n~,
[W ∗i , x
j
n] = [Wj , x
i
n] = δ
j
i δn,0~,
[W˜ ∗i , W˜
∗
j ] = −εijkW k,
[W˜ ∗i , x
∗
j,n] = −1
2
εijkx
k
n,
[x˜∗i,m, x˜
∗
j,n] =
1
2
εijk
m+ n
mn
xkm+n +
δm,−n
m2
εijkW
k, m, n 6= 0
[x˜∗i,n, x˜
∗
j,0] =
1
2n
εijkx
k
n, n 6= 0 .
(2.21.1)
3 N = 2 super-conformal structures
3.1. Recall that the N = 2 super-vertex algebra of central charge c is generated by a
Virasoro field L of central charge c, a free boson J primary of conformal weight 1 and two
odd fermions G± primary of conformal weight 3/2 with remaining non-trivial OPEs
J(z) · J(w) ∼ c
3
1
(z − w)2 , J(z) ·G
±(w) ∼ ±G
±(w)
z −w ,
G+(z)G−(w) ∼ L(w) +
1
2
∂wJ(w)
z − w +
J(w)
(z − w)2 +
c
12
1
(z −w)3 .
(3.1.1)
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In terms of the super-fields3
J(z, θ) = J(z) + θ
(
G−(z)−G+(z))
H(z, θ) =
(
G+(z) +G−(z)
)
+ 2θL(z) ,
the OPEs (3.1.1) read
H(z, θ) ·H(w, ζ) ∼ 2∂H(w, ζ)
z − w − θζ + /DH(w, ζ)
(θ − ζ)
(z −w − θζ)2 +
3H(w, ζ)
(z −w − θζ)2 ,
H(z, θ) · J(w, ζ) ∼ 2∂J(w, ζ)
(z − w − θζ) +
J(w, ζ)
(z −w − θζ)2 ,
J(z, θ) · J(w, ζ) ∼ H(w, ζ)
(z − w − θζ) +
c
3
θ − ζ
(z − w − θζ)3 ,
(3.1.2)
where /D = ∂ζ + ζ∂w is the square root of ∂ = ∂w. Notice that the super-field J generates
the whole N = 2 super-conformal algebra in the sense that H is recovered from the OPE of
J with itself and G± can be calculated from the even and odd components of J and H .
3.2. Let g be a simple or abelian finite dimensional Lie algebra with its invariant symmetric
bilinear form (· , ·) and dual Coxeter number h∨. The vertex super-algebra V k(gsuper) [15]
(see also [13, Example 5.9] for the super-field version) is generated by super-fields a¯, a ∈ g
with OPEs
a¯(z, θ) · b¯(w, ζ) ∼ [a, b](w, ζ)
(z − w − θζ) + (k + h
∨)(a, b)
(θ − ζ)
(z − w − θζ)2 , a, b ∈ g .
In terms of the components of
a¯(z, θ) = a¯(z) + θa(z) and b¯(z, θ) = (¯b)(z) + θb(z)
these OPE read
a(z) · b(w) ∼ [a, b](w)
(z − w) + (k + h
∨)
(a, b)
(z −w)2 ,
a(z) · b¯(w) ∼ [a, b](w)
z − w ,
a¯(z) · b¯(w) ∼ (k + h
∨)(a, b)
z − w .
The following proposition is proved in [16, Prop. 2.14] as a particular case of a construction
of Getzler [17].
3.3 Proposition. Let l be a Lie bialgebra and g := l⊕ l∗ its Drinfeld double. Let h∨ be the
dual Coxeter number of g. Let {ei}ni=1 be a basis of l and
{
ei
}l
i=1
its dual basis of l∗. The
super-field
J =
1
k + h∨
n∑
i=1
e¯ie¯i ∈ V (gsuper) ,
generates a copy of the N = 2 super-conformal vertex algebra of central charge c = 3dim l
in V k(gsuper).
3.4. Let x0, x∗0 be local coordinates on T
2 = Z2\R2. Super-loops on T 2 can be expanded4
as
x0(z, θ) = log(z)W 0 +
∑
n∈Z
x0nz
−n + θ
∑
n∈ 1
2
+Z
ψ0nz
−n−1/2,
x∗0(z, θ) = log(z)ω
∗
0 +
∑
n∈Z
x∗0,nz
−n + θ
∑
n∈ 1
2
+Z
ψ∗0,nz
−n−1/2.
(3.4.1)
3We are rescaling here the field J of [13, 16] to avoid unnecessary
√−1 factors.
4a rescaling analogous to the one used in Section 2.13 being understood.
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The standard quantization of L sT 2 is obtained by requiring the coefficients of these expan-
sions to satisfy the canonical commutation relations
[W 0, x∗0] = [W
∗
0 , x
0] = ~, [ψ∗0,n, ψ
0
m] = n[x
∗
0,m, x
0
n] = δm,−n~ . (3.4.2)
Denote by LT2 the
1
2
+Z Lie super-algebra with commutation relations (3.4.2) and by HT2
its module induced from the action of the degree-0 part of LT2 on C
∞(T 2). Combining with
the L -module structure of H we obtain a (L ⊕LT2)-module structure on (a completion
of) H ⊗HT2 induced by the action of the degree-0 part of L ⊕LT2 on C∞(X × T 2).
3.5. Let g⊕ t2 be the 8-dimensional Lie algebra obtained as a sum of the 6-dimensional Lie
algebra g⊕ t2 and a two-dimensional commutative algebra t2. We endow t2 with an invariant
pairing of signature (1, 1) so that the natural invariant pairing on g extends to a natural
invariant pairing (·, ·) on g⊕ t2 of signature (4, 4). Since g⊕ t2 is nilpotent, then h∨ = 0
and we can set k = 1 in the construction of V ((g⊕ t2)super) since for any two non-vanishing
level the algebras V k((g⊕ t2)super) are isomorphic. Here (g⊕ t2)super = (g⊕ t2)⋉ (g⊕ t2)[1]
is constructed as in 2.6. An argument similar to that of 2.19 shows that H ⊗HT2 has a
natural structure of V ((g⊕ t2)super)-module.
The 8-dimensional real nilpotent group G × R2 has Lie algebra g⊕ t2 and can be viewed
as an extension of V ⊕ R by (V ⊕ R)∗. G × R2 contains the discrete co-compact subgroup
Γ⊕ Z2, which is a nontrivial extension of Λ⊕ Z by (Λ⊕ Z)vee. The tangent bundle of the
nilmanifold X × T 2 = (Γ⊕ Z2)\G × R2 is trivial and isomorphic to (X × T 2)× (g⊕ t2).
Let J be a (G× R2)-equivariant complex structure on X × T 2 i.e. a right-invariant
endomorphism of T (X × T 2). Equivalently, J can be thought of as an endomorphism of
g⊕ t2. Such a J gives rise to a decomposition g⊕ t2 ≃ l⊕ l where l (resp. l) is the √−1-
eigenspace of J (resp. the −√−1 eigenspace). Since J is an integrable almost complex
structure, l, l are both subalgebras of g⊕ t2. The natural symmetric invariant pairing (· , ·)
of g⊕ t2 gives rise to a metric of signature (4, 4) on T (X × T 2) which can be extended to
the complexification (T (X × T 2))⊗C. From now on we restrict our attention to equivariant
complex structures J that are (· , ·)-orthogonal. It follows that each l and l is isotropic
with respect to (· , ·) and the triple (g⊕ t2, l, l) is a Manin triple. Proposition 3.3 then gives
an N = 2 structure of central charge c = 12 on V ((g⊕ t2)super) which therefore acts on
H ⊗HT2 . Summarizing, we have
Theorem. For each (G× R2)-equivariant (· , ·)-orthogonal complex structure J on X × T 2
there exists a corresponding N = 2 super-conformal structure on H ⊗HT2 of central charge
c = 12.
4 Mirror symmetry
In this section we realize the Hilbert super-space H ⊗HT2 together with the N = 2 super-
conformal structures described in 3.5 in terms of super-symmetric sigma-models with 4-
dimensional targets. In particular we show how the N = 2 super-conformal structure at-
tached to the Kodaira-Thurston nilmanifold is mirror dual to the N = 2 super conformal
structure of a complex torus twisted by a holomorphic gerbe.
4.1. The manifold X × T 2 is a T 4-fibration over the torus Y := (Λ⊕ Z)\(V ⊕ R). The
3-form det on Y represents a non-trivial class in H3(Y,Z) as in 2.5. We consider the
complexified standard Courant algebroid on Y twisted by det i.e. E = TY ⊕ T ∗Y with the
twisted Dorfman bracket defined by by
[τ + ζ, τ ′ + ζ′] = Lieτ (τ
′ + ζ′)− d(τ ′, ζ) + det(τ, τ ′, ·) , (4.1.1)
for all τ, τ ′ ∈ TY and ζ, ζ′ ∈ T ∗Y , where Lieτ denotes the usual Lie derivative with respect
to τ . Using the coordinates
{
xi
}3
i=0
on Y , TY and T ∗Y are trivialized by the global sections
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∂xi and dx
i. The only non-trivial trivial twisted Dorfman brackets between these sections
are
[∂xi , ∂xj ] = εijkdx
k, i, j, k = 0, . . . , 3 ,
where εijkdx
idxjdxk is a local expression for det and the totally antisymmetric tensor is
extended by setting εijk = 0 if at least one of the indices is zero. In particular, setting
βi = ∂xi , α
i = dxi yields a trivialization E ≃ Y × (g⊕ t2).
Consider the N = 1 super-symmetric sigma-model with target (Y,det) and its Hilbert
super-space of states HY , thought of as a quantization of the algebra of local functions on
the infinite-dimensional manifold L sY . The connected components of L sY are labeled by
Λ⊕ Z = pi1(Y ) so that, similarly to [1], one obtains the decomposition
HY =
⊕
ω∈Λ⊕Z
HY,ω .
Vectors in v ∈ HY,ω are referred to as having winding ω.
The correspondence between the global frame {αi, βi} of E and the currents generating
V ((g⊕ t2)super) as in 2.7, make HY into a V ((g⊕ t2)super)-module structure. In absence
of the gerbe, each summand HY,ω is the V ((g⊕ t2)super)-module generated by the zero
modes which are identified with the Fourier basis of L2(Y ) (see for example [18]). As
explained in [1, Appendix], the flux defined by det can be accounted for as follows. For each
ω ∈ Λ⊕ Z ≃ H1(Y ), let Lω be the line bundle on Y with first Chern class ιω det ∈ H2(Y ).
If L2(Lω) denotes the space of L
2-sections of Lω, the space of 0-modes of HY is canonically
identified with
⊕
ω∈Λ⊕Z L
2(Lω). We have the following
Proposition ([1, Appendix]). There is a canonical isomorphism
L2(X × T 2) ≃
⊕
ω∈Λ
L2(Lω).
Through this isomorphism, the natural (G× R2)-action on L2(X × T 2) defines a (G× R2)-
action on
⊕
ω∈Λ⊕Z L
2(Lω). Inducing the differential of this action endows HY with the
structures of V ((g⊕ t2)super)-module. By construction we obtain a canonical identification
H ⊗HT2 ≃ HY .
4.2. The 4-dimensional abelian Lie group V ⊕ R acts on Y = (Λ⊕ Z)\(V ⊕ R) by right
translations. Let J be an equivariant generalized complex structure. We obtain a decom-
position g⊕ t2 = l ⊕ l with each summand being an isotropic subalgebra. By Proposition
3.3 this endows HY with an N = 2 super-conformal structure and we obtain the following
Proposition.
a) For each equivariant generalized Calabi-Yau structure on Y there exists an associated
N = 2 super-symmetric structure of central charge 12 on HY .
b) There exists a correspondence between equivariant generalized Calabi-Yau structures
on Y and equivariant complex structures on X × T 2 compatible with the tautological
pairing on T (X × T 2).
c) The natural isomorphism H ⊗HT2 ≃ HY of 4.1 intertwines the N = 2 super-
conformal structures under the correspondence in b).
Proof. Recall that T (X × T 2) and the standard Courant algebroid of (Y,det) are both trivial
with fibers isomorphic to g⊕ t2 i.e. T (X × T 2) ≃ (X × T 2)× (g⊕ t2) and (T ⊕T ∗)Y ≃ Y ×
(g⊕ t2). Therefore, equivariant complex structures on X × T 2 and equivariant generalized
complex structures on Y both correspond to splittings of g⊕ t2 by isotropic subalgebras
g⊕ t2 = l ⊕ l. The proposition follows then follows from the observation [19] that, since l
is a nilpotent algebra, any such splitting will have trivial generalized canonical bundle and
thus any equivariant generalized complex structure on Y is generalized Calabi-Yau.
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4.3 Remark. HY is in fact a module over the chiral de Rham complex [20] of Y , viewed
as the 0-winding sector of HY or equivalently as the V ((g⊕ t2)super)-module induced from
L2(Y ). The N = 2 structure of HY corresponding to the generalized Calabi-Yau structure
of Y is the one constructed in [16].
4.4 Example. Consider holomorphic coordinates z1 = x0+ ix1, z2 = x2+ ix3 on Y , where
{xi}3i=0 are real coordinates on each S1 factor. With respect to this complex structure
det =
1
4
(
dz1dz2dz2 − dz1dz2dz2
)
.
The
√−1-eigenbundle l of this generalized complex structure is generated by ∂
z1
, ∂
z2
, dz1, dz2
while l has a framing given by ∂z1 , ∂z2 , dz1, dz2. As Lie algebras l = 〈⌉〉∫ ⊕ C is a sum of
the 3-dimensional Heisenberg Lie algebra spanned by ∂
z1
, ∂
z2
, dz2 and the commutative Lie
algebra C spanned by dz1. The only non-trivial bracket in l is given by [∂
z1
, ∂
z2
] = dz2.
Recall that the trivialization (T ⊕ T ∗)Y ≃ Y × (g⊕ t2) is given by the identification
∂xi = βi and dx
i = αi. If we denote
βz1 = β0 − iβ1, βz2 = β2 − iβ3, αz
1
= α0 + iα1, αz
2
= α1 + iα2,
β
z1
= β0 + iβ1, βz2 = β2 + iβ3, α
z1 = α0 − iα1, αz2 = α1 − iα2 ,
the current J generating the N = 2 super-conformal structure given by Proposition 3.3
becomes
J =
1
2
(
β
z1
αz
1
+ β
z2
αz
2
+ αz
1
βz1 + α
z2βz2
)
= −√−1 (β0α1 − β1α0 + β2α3 − β3α2) .
In terms of the scalar super-fields x∗i (z, θ), x
i(z, θ) and their well defined currents (2.12.3)
we see that the N = 2 super-conformal structure is generated by the super-field
J = −√−1
(
/Dx∗0 /Dx
1 − /Dx∗1 /Dx0 + /Dx∗2 /Dx3 − /Dx∗3 /Dx2−
1
2
(
x2 /Dx0 /Dx3 + x3 /Dx2 /Dx0 + x3 /Dx1 /Dx3 + x2 /Dx3 /Dx2
))
(4.4.1)
4.5. Consider the real 4-dimensional Lie algebra C ⊕ 〈⌉〉∫ where 〈⌉〉∫ is the 3-dimensional
Heisenberg Lie algebra. Exponentiation yields the 4-dimensional real Lie group R × Heis
and its lattice Z × Heis(Z). Here Heis(Z) can be viewed as the group of upper triangular
3×3 matrices with integer entries with its natural embedding in the real 3-dimensional group
Heis. We have the corresponding 4-dimensional nilmanifold N := (Z×Heis(Z))\(R×Heis).
It is a non-trivial S1 fibration5 over T 3.
Let us choose coordinates
{
yi
}3
i=0
on N as follows. y0 is a coordinate on the copy of
R ⊂ R×Heis. And we identify Heis with R3 with coordinates {yi}3
i=1
and multiplication
given by (
y1, y2, y3
) · (y˜1, y˜2, y˜3) = (y1 + y˜1, y2 + y˜2 + 1
2
y1y˜3 − 1
2
y3y˜1, y3 + y˜3
)
.
The standard Courant algebroid of N is trivialized by the left-invariant vector fields and
differential forms on R × Heis. If the standard Courant algebroid of N is identified with
N × (g⊕ t2) by setting
β0 = ∂y0 , β1 = ∂y1 −
1
2
y3∂y2 , −α2 = ∂y2 , β3 = ∂y3 +
1
2
y1∂y2
α0 = dy0, α1 = dy1, −β2 = dy2 − 1
2
y1dy3 +
1
2
y3dy1, α3 = dy3 ,
(4.5.1)
5The fiber is given by the copy of R given by the center of Heis modulo the copy of Z given by center of
Heis(Z)
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the standard Dorfman bracket defined by
[τ + ζ, τ ′ + ζ′] = Lieτ (τ
′ + ζ′)− d(τ ′, ζ) ,
for all τ, τ ′ ∈ TN and ζ, ζ′ ∈ T ∗N matches the commutators (2.5.1) of g⊕ t2. Let HN
be the Hilbert super-space obtained from quantizing the Poisson super-manifold T ∗L sN ≃
T ∗[1]T ∗LN . The super-currents corresponding to the invariant sections (4.5.1) of (T⊕T ∗)N
provide HN with the structure of a V ((g⊕ t2)super)-module as follows. The connected
components of L sN are parametrized by conjugacy classes in Heis(Z) = pi1(N). For each
such conjugacy class ω ∈ pi1(N)∼, the space of 0-modes is a copy of L2(N). There is an
embedding of R × Heis into the 8-dimensional nilpotent group G× R2, which in terms of
the coordinates
{
yi
}
of R×Heis and {xi, x∗i } of G× R2 can be written as
(y0, y1, y2, y3) 7→ (x0, x1, x∗2, x3) .
As explained in [1, Appendix] this embedding induces a natural identification
L2(X × T 2) ≃
⊕
ω∈pi1(N)∼
L2(N)
intertwining the action of R × Heis. The Hilbert super-space of states HN is then con-
structed as the representation of V ((g⊕ t2)super) induced from
⊕
ω∈pi1(N)∼ L
2(Y ). Hence,
by construction, we have an identification H ⊗HT2 ≃ HY .
4.6. The 4-dimensional group R × Heis acts on N on the right. As in 4.2 an equivariant
generalized complex structure J on N produces a Manin triple (g⊕ t2, l, l) and therefore
an N = 2 super-conformal structure of central charge 12 on HN . We obtain
Theorem.
a) There is a natural unitary identification HY ≃ HN .
b) There is a one-to-one correspondence between R4-equivariant generalized Calabi-Yau
structures on Y and R×Heis-equivariant generalized Calabi-Yau structures on N .
c) The isomorphism of a) intertwines the N = 2 super-conformal structures given by the
corresponding generalized Calabi-Yau structures of b) and Prop. 3.3.
4.7 Example. The manifold N admits the equivariant symplectic form
dy0dy1 +
(
dy2 +
1
2
y3dy1
)
dy3 .
The graph l of the corresponding generalized complex structure on (T ⊕T ∗)N ≃ N × (g⊕ t2)
is isomorphic to TN and is spanned by ∂y0 −
√−1dy1, ∂y2 −
√−1dy3 as well as
∂y1 −
1
2
y3∂y2 +
√−1dy0 , ∂y3 +
1
2
y1∂y2 +
√−1
(
dy2 +
1
2
y3dy1 − 1
2
y1dy3
)
.
The corresponding N = 2 super-conformal structure is identified with the one in HY given
in Example 4.4.
4.8. We would like to describe moduli of equivariant generalized complex structures on
(Y,det) and N from the point of view of equivariant (· , ·)-orthogonal complex structures on
X × T 2. Equivariant generalized complex structures on a nilmanifold are in bijection [19]
with left-invariant pure spinors lines C∗ρ such that dρ = 0 and ρ ∧ ρ > 0. The same holds
in presence of a closed left-invariant 3-form H , provided that d is replaced by the twisted
de Rham differential dH = d + H∧. Consider first the component of the moduli space of
equivariant generalized complex structures on (Y,det) represented by pure spinors of even
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degree. Such a pure spinor ρ is a C-linear combination of invariant ddet-closed forms of even
degree on Y i.e.
ρ = a01dx
0dx1 + a02dx
0dx2 + a03dx
0dx3 + a12dx
1dx2 + a13dx
1dx2+
a23dx
2dx3 + a0123dx
0dx1dx2dx3 .
In particular, every such spinor gives rise to a generalized complex structure of type 2 and
thus the projection ρ2 of ρ onto Ω
2(Y ) defines an ordinary complex structure on Y . Once
ρ2 is chosen, no further conditions are imposed on a0123. To summarize, ρ is a spinor of an
equivariant generalized complex structure on the gerby torus Y if and only if ρ2 ∧ ρ2 = 0
and ρ2 ∧ ρ2 > 0. This allows us to parametrize equivariant generalized complex structures
on (Y,det) by the open subset of the hypersurface a01a23 − a02a13 + a03a12 = 0 in CP6 on
which
a01a23 − a02a13 + a03a12 + a01a23 − a02a13 + a03a12 > 0 .
If one wishes to quotient by infinitesimal generalized diffeomorphisms (as opposed to ordi-
nary diffeomorphisms), or equivalently by orbits of the adjoint action with respect to the
(twisted) Dorfman bracket, then all choices of a0123 lead to isomorphic generalized complex
structures. Therefore, we may set a0123 = 0 and realize the moduli space as an open subset
of the hypersurface in CP5 which is the image of the Plu¨cker embedding. This construction
is a particular case of the realization of the moduli spaces of complex structures on tori as
open subsets of Grassmannians described in [21].
4.9. Without loss of generality, we may write ρ = η1η2 + a0123η1η2η1η2 for some invariant
1-forms
ηi =
3∑
j=0
ηijdx
j ; i = 1, 2
such that
η1η2η1η2 = dx
0dx1dx2dx3 = dx0 det .
Let {ξ1, ξ2, ξ1 ξ2} be a global frame for TY ⊗ C with dual frame {η1, η2, η1, η2}. The
√−1-
eigenbundle of the generalized complex structure on (Y,det) associated with ρ is the C∞(Y )-
module generated by {η1, η2, ξ1 − a0123η2, ξ2 + a0123η1}. Therefore, the
√−1-eigenspace of
the (G× R2)-equivariant complex structure J on X × T 2 induced by ρ is the C∞(X × T 2)-
module generated by {ξ∗1 , ξ∗2 , ξ1−a0123ξ
∗
2, ξ2+a0123ξ
∗
1}, where ξ∗i =
∑3
j=0 ηij∂x∗j for i = 1, 2.
Hence, J is uniquely defined by the left-invariant pure spinor
ΩJ = η1η2(η
∗
1 − a0123η2)(η∗2 + a0123η1)
on X × T 2, where
η∗i =
3∑
j=0
(
ηijdx
∗
j − 1
2
εjklx
kdxl
)
; i = 1, 2 .
Here we are implicitly using the triviality of the generalized tangent bundles of X × T 2
and (Y,det) to identify, abusing the notation, dxi with pi∗dxi, ∂xi with pi∗∂xi etc. Since
the twisted Dorfman bracket on invariant sections of (T ⊕T ∗)Y matches the Lie bracket on
left-invariant sections of T (X × T 2), we see immediately that complex structures on X × T 2
corresponding to different values of a0123 are isomorphic.
4.10. We may further assume that η1 is of the form η1 = dx
0 + η with both η and η2
annihilated by ∂x0 . In this notation, ρ = dx
0η2 + ηη2 + 2a0123dx
0ηη2η2 and
ΩJ = η2(dx
∗
0 − η∗ − a0123η2)(dx0(η∗2 − 2a0123η) + ηη∗2) . (4.10.1)
T-duality in the topologically trivial direction x0, exchanges even spinors on (Y,det) with
odd spinors on the isomorphic gerby torus (Y ′, det) with coordinates (x∗0, x
1, x2, x3) via the
fermionic Fourier transform [22]
ρˆ =
∫
S1
edx
∗
0dx
0
ρ .
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The identification of (Y,det) with (Y ′,det) shows that spinors of odd degree representing
equivariant generalized complex structures on (Y,det) must be (up to scaling) of the form
ρˆ = η2 − dx0ηη2 + 2a0123ηη2η2 .
A straightforward calculation shows that ρˆ defines an equivariant complex structure Ĵ on
X with pure spinor
ΩĴ = η2(dx
0 − η∗ − a0123η2)(dx∗0(η∗2 − 2a0123η) + ηη∗2) . (4.10.2)
In other words, T-duality in the direction x0 is reflected on X × T 2 by exchanging dx0
and dx∗0 in (4.10.1). Since T-duality is an isomorphism of Courant algebroids [23], different
choices of a0123 lead to generalized complex structures that are intertwined by generalized
diffeomorphisms. Therefore, T-duality is a symmetry of the moduli space of (·, ·)-orthogonal
equivariant complex structures on X × T 2 which identifies the connected component cor-
responding to equivariant generalized complex structures of type 2 on (Y,det) with the
component corresponding to structures of type 1.
4.11. In the patch where a02 6= 0, we can further write η2 = dx2 + λ with η and λ
spanning the subspace generated by dx1 and dx3. As before, up to infinitesimal generalized
diffeomorphisms, we may set a0123 = 0. T-duality in the x
2-direction yields
ˆˆρ =
∫
S1
e(dx
∗
2− 12x1dx3+ 12x3dx1)dx2 ρˆ = eλx
∗
2+ηx
0
thought of as a spinor of even degree on the nilmanifold N . Since the even de Rham
cohomology of N is generated by
1 , dx0dx1 , dx0dx3 , dx1dx∗2 , (dx
∗
2 − 12x
1dx3 +
1
2
x3dx1)dx3 , dx0dx1dx∗2dx
3 ,
up to diffeomorphisms, all left-invariant symplectic structures on N are of this form. If
a02 = 0, then ˆˆρ defines an equivariant complex structure on N , possibly twisted by a B-
field. If a13 = 0, then there is no B-field and we obtain the description of the moduli
of equivariant complex structures in the Kodaira surface of [24] (deformations of complex
Kodaira surfaces as generalized complex structures are also described in [25] and [26]).
Regardless of the values of a02 and a13, each of these structures can be realized on
X × T 2 by swapping dx2 and dx∗2 − 12x1dx3 + 12x3dx1 in (4.10.2) for a suitable J . Finally,
just as in the case of the gerby torus (Y,det) described above, T-duality in the x0 direction
results into an isomorphism that interchanges the connected components of the moduli
space of equivariant generalized complex structures on N . These structures can be realized
on X × T 2 by swapping dx2 and dx∗2 − 12x1dx3 + 12x3dx1 in the expression for ΩJ . To
summarize, we have the following
Theorem. The following are isomorphic:
a) the moduli space of equivariant generalized complex structures on (Y,det);
b) the moduli space of equivariant generalized complex structures on N ;
c) the moduli space of equivariant, (·, ·)-orthogonal complex structures on X × T 2;
d) the disjoint union of two copies of the moduli space of equivariant complex structures
on Y .
Each point in any of these isomorphic spaces determines an N = 2 super-conformal structure
of central charge c = 12 on H ⊗HT2 ≃ HY ≃ HN .
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